An ansatz for the fermion vacuum functional on a lattice is proposed. It is proven to reproduce correct continuum limit for convergent diagrams of any finite order in smooth external fields as well as consistent chiral anomalies. It ensures gauge invariance of the real part of the functional at any lattice spacing and involves no other scales.
Introduction
The more symmetries of a target theory are maintained by a regularization, the better the regularization is. Chiral symmetry is a stumbling-block for any regularization, and the lattice one, being a basis of the most powerful nonperturbative methods, is not an exception. For that there are deep reasons [1] intimately related to existence of chiral anomalies [2] .
The ( 
where D(A) is a lattice transcription of the Dirac operator and A stands for the gauge fields whose coupling to the fermions determines chiral properties of the theory, depends on the regularization, i. e. on the form of the transcription. The same is also true of gauge variation of the effective action
where A ω is a gauge transformation of A. The point, however, is that by introducing certain local counterterms and tuning their parameters, the variation (2) can be reduced to a form which in the continuum limit turns to the Wess-Zumino term [3] , independent of regularization and only determined by internal anomalies of the theory. It is pure imaginary (in the Euclidean space) and vanishes in anomaly free theories.
The number and the structure of those counterterms depends on the regularization. In an ideal case the effective action would have the form
with ℜΓ[A] and ℑΓ inv [A] being gauge invariant on the finite lattice, and δℑΓ non [ω, A] turning in the continuum limit to the Wess-Zumino term. In this case for anomaly free theories one would have a perfect gauge invariant regularization with no need any counterterms. Continuum limit of the full theory then would be defined by only tuning the gauge coupling to its critical value. The counterterms are not needed if the gauge invariance of the nonanomalous part of the Γ is achieved at least in the continuum limit. In this case, however, a special care may be required for maintaining the gauge invariance in the full theory, see for example [4] . For vector gauge theories the effective action is pure real, ℑΓ[A] ≡ 0, and the above ideal scenario is realised with staggered [5] and partly with Wilson fermions 3 [6] . For chiral theories the situation is much more complicated (for a review of the recent approaches and the references see [7] ). In this case the gauge invariance of the nonanomalous part of the Γ has been achieved at the cost of introducing (in general) infinitely many degrees of freedom [8] (for more full list of references, see [7] ). This problem seems to be avoided in the overlap formula for the fermion determinant [9] , however the question whether it does define a chiral theory is still disputed (see [7] and the references therein). In this paper we propose an ansatz for the Γ[A] which technically and conceptually is much more simple than the overlap formula. It is formulated on a finite lattice and ensures gauge invariance of ℜΓ at any lattice spacing, as well as restoring the gauge invariance in the continuum limit for the nonanomalous part of ℑΓ. The anomalies in this proposal arise as a "lowenergy phenomenon".
In Section 2 we introduce the ansatz and examine it for smooth external fields; in Section 3 its features for high external momenta are discussed; Section 4 is short conclusion.
Our conventions are the following: we consider Euclidean hypercubic Ddimensional lattice with spacing a and volume V = (aN) D , where D = 2 or 4 and N/2 is even; the lattice topologically is a torus T D , its sites numbered by D-dimensional vectors n,μ are unit vectors along the positive directions; the Dirac γ-matrices are hermitean:
; the component of the antisymmetrical tensor ǫ 0···D−1 = 1; fermion (boson) variables obey antisymmetric (symmetric) boundary conditions for all directions.
Ansatz
The ansatz is based on the observation [10] D4 . In this case the fermion modes which leads to the species doubling and render any theory vector-like [12, 1] are ceased to be unwanted, for they almost decouple from the smooth fields, but are still important for the restoration of the gauge invariance of the ℜΓ[A].
Our ansatz realizes such a procedure, and reads as follows:
4 Supposingly similar situation is naturally realized within a formulation in which the momentum space of the theory is a real projective hyperplane I RP D , rather than a torus T D [10] . In such a formulation the fermion propagator in the momentum space looks like "Escher function" discussed in [11] . However I RP D is not a flat space, and it is not clear what is the position space of such a theory.
where ∂(A) is the naive lattice transcription of the Dirac operator
with g is the gauge coupling, A µ is the gauge field belonging to the gauge group algebra, and P = 1 or P L,R ; the θ is a projecting operator picking the proper 1/2 D -th part of the Brillouin zone in the fermion loop integrals
Its explicit form in the position space is
for m = n, while θ m n=m = 1/2 D . The ansatz has a path integral representation. Noting that the operator ∂(A) can be written as
one can easily show that
where t is a real parameter t ∈ [0, 1] and for shortness we have omitted all indices. The r.h.s. of (9) makes simple sense: its integrand is a sum of all one loop diagrams in which the operator θ is inserted into one of the vertices, while the integration over t restores the proper weights of these diagrams. Let us now demonstrate the basic properties of the ansatz. Note first that the fermion propagator as well as all the vertices in our formulation are exactly the same as in the naive one: in the momentum space q∈B , respectively, where
they are sines or cosines of the corresponding momenta, and the only difference is the insertion of the operator θ. In particular, the Ward identities for the vertices following from the gauge invariance of the naive formulation [12] , are unaffected. Besides, since the θ is 2π-periodic in the momentum space, all momentum space expressions are 2π-periodic, too.
Consider now a diagram with n > 1 external legs (the diagram with n = 1 vanishes identically). The corresponding expression contains trace of a product of θ, n vertices and m ≤ n fermion propagators. Since the formulation is globally chirally invariant, the expression is decomposed on sum of two terms, distinguished by only presence of γ 5 under the trace of one of them. The term without γ 5 is real and contributes to the ℜΓ, the term with γ 5 is imaginary and contributes to the ℑΓ. Since the trace in the real part of the diagram is a sum of products of the Kronecker δ's, in the momentum space all the sines and cosines in its numerator are paired, and thus the whole integrand is a π-periodic function in each direction. The situation is quite opposite for the imaginary part of the diagram. The trace including the γ 5 (for m ≥ 2) yields in each item the antisymmetrical tensor ǫ, so that in the momentum space either sine or cosine in the numerator turns out to be unpaired in each direction . This leads to π-antiperiodicity of the whole integrand in each direction. From here, in particular, the well-known result [12] follows, that the Brillouin zone in the naive formulation is decomposed on 2 D equal domains, each gives the samegauge invariant -contribution to the ℜΓ[A], and the same but modulo sign contribution to the ℑΓ[A], so that totally ℑΓ[A] = 0.
Our ansatz picks the contribution of only the central region D of the Brillouin zone, and therefore yields gauge invariant result for ℜΓ[A] which is
and a gauge noninvariant result for ℑΓ [A] . Let us show that the gauge noninvariance of the ℑΓ[A] is under our control and has a simple origin very similar to that in the continuum perturbation theory. Consider all the diagrams of the n-th order (n ≥ 2) in the external fields, and make a gauge transformation of the latter. Making use of Ward's identities, the expression for the variation of Γ n [A] can always be represented as a difference of terms equal up to shifts of loop momenta. The contributions to the real part of the variation are momentum integrals of π-periodical functions, the domain of integration D being exactly their period. Therefore one can make corresponding shifts of the integration variable that results in δℜΓ n [ω, A] = 0 for any n. For the imaginary contributions D is no longer the period of corresponding integrands and such shifts leads to a kind of surface terms. It however is well known (see, for example, [13] ), that such surface terms vanish when a regulator is removed, provided the corresponding integrals converge or at most diverge logarithmically.
This is exactly what occurs in the continuum limit for contribution to the ℑΓ[A] with n > D. The diagrams with n < D give rise to anomalies (for D = 4 the imaginary part of the diagram with n = 2 vanishes by symmetrical reasons, and thus the anomaly is defined by only diagrams with n = 3, 4).
We still should convince ourselves that the continuum limit for Γ n [A] defined by the ansatz does not contradict to what we have in the continuum perturbation theory. That this is indeed so, follows from power counting arguments which for n > D can be rigorously substantiated. For this it is sufficient to note that for any finite n and fixed external momenta q 1 , · · · q n there exists such a positive number a n , that for any a < a n all conditions of Reisz's power counting theorem [14] for one loop [15] In the two-dimensional theory Γ 2 [A] has the form
where the trace is taken over the gauge group indices, and Π(qa, N) is determined by the fermion loops with two external legs. By direct computation of the Π(qa, N) for increasing N and qa = o(N) we find
and ℜΠ µ ν=µ (0) = 0.5, ℜΠ µ ν =µ (0) = 0, ℑΠ µν (0) = 0. For the abelian theory this is the well-known exact answer for Γ[A] [16] . Let gauge transformations be parametrized as Ω n = exp(−igω n ). Then from the above expressions the result for δℑΓ 2 [ω, A] immediately follows
In a similar way in the four-dimensional theory we find for smooth A
Thus, for smooth external fields the ansatz reproduces the consistent anomaly [17] for two-dimensional theory, and at least its triangle part for the fourdimensional theory.
Non-smooth external fields
For smooth external fields our ansatz looks almost perfectly. The problems arise when we remove this limitation, or, equivalently, when the external momenta q are no longer kept finite at a → 0. It is clear that properties of the Γ[A] at any A become important in the full theory, when functional integration is performed over the gauge degrees of freedom, too. There are two potential problems.
The first is that in this formulation the fermion modes of the opposite chirality are still present, and their interactions are suppressed just for the smooth fields 6 . The first indication that something may go wrong is that the Reisz theorem [14, 15] is not applicable for arbitrary q, and, therefore, beyond one loop. This however may only mean that the lattice perturbative theory in this case looks different. The same, for example, occurs with staggered fermions. Therefore, to get some idea of what may happen at high external momenta, we return to the direct calculations in the two-dimensional model.
Consider the difference [see eq. (12)]
In an absolutely perfect case the ∆ µν (qa, N) should be equal to zero at any q ∈ B. Normally, for a gauge invariant formulation we would expect that it is almost zero at a central region, of which size depends on the quality of the formulation, with some smooth deviations from zero closer to the boundaries of the Brillouin zone 7 . And this is indeed the case for ∆ µ ν =ν . The situation is worse for ∆ µ ν=µ , see Fig. 1 , where ∆ 00 for N = 32 is shown.
At N → ∞ ∆ 00 (q 0 a = 0, q 1 a = π, N) diverges logarithmically, and we expect in this limit that
where c is a positive constant. The same also occurs with ∆ 11 (with the exchange of q 0 and q 1 ). It is clear however that the contributions of such singularities to the fermion vacuum functional is exponentially suppressed. Simple perturbative consideration also shows that such features do not affect the results beyond the one 6 This is the point that crucially distinguishes our ansatz from the Zaragoza proposal [18] , where the coupling of those modes to the gauge fields is suppressed at any momenta. The price of such suppression however is breaking of the gauge invariance for the real part of Γ [A] . 7 This deviation can be made more smooth if we take at the r.h.s. of the eq. (15) the quantityq µ = 1 2 sin( 1 2 q µ ), rather than q µ . I am grateful to Ph. Boucaud for drawing my attention to this point. We however prefer to keep in (15) the original q in order to be able to estimate the deviation from the perfect case. loop. Indeed, the Π(q) always enters heigher diagrams being in between two gauge field propagators, each is of O(q −2 ), and hence the above singularity gives no contribution to such diagrams. Another -indirect -argument in favour of such conclusion that holds also in four dimensions, is that exactly the same occurs with the staggered fermions (up to a factor 2 D/2 in front of Γ[A]). The latter is known to be an adequate lattice transcription of Kähler's fermions [19] Imaginary part of Γ[A] is also sensitive to the presence of these higher modes. Namely, they make all the contributions to ℑΓ[A] vanishing at momenta q going to the boundaries of the Brillouin zone. In particular they make the anomalies in our formulation to be a "low-energy phenomenon". To illustrate this we compute the following ratio:
In the above ideal case R ν (qa, N) would be equal to 1 for any q ∈ B (at those points where R is indefinite we define it by a continuity). The ansatz yields the picture shown in Fig. 2 , where R 0 is displayed for N = 32. Before going to the next point, it worth noting that in the central region of the Brillouin zone the ansatz provides much better convergence of ℜΠ(qa, N) to the continuum answer than the Wilson fermions. So, for ∆ 00 (qa, N) at N = 32 (Fig. 1) the central rectangle within which the deviation from 0 does not exceed 0.1 contains 135 points, while for the Wilson fermions it does only 25 points.
The second potential problem of this formulation is that imaginary part 
and simple estimates show that
Hence, in four-dimensional theories there is a potential danger that gauge invariance of the term ℑΓ 5 [A] is not restored in the continuum limit for q = O(a −1 ), i. e. unless the external fields are sufficiently smooth. The problem is soften by the fact that all δℑΓ n (q) vanish at very high momenta (see Fig. 2 ), but the intermediate region of the momenta is still potentially dangerous. It is however very likely that the exponent of a in (18) for n = 5 actually is higher than 1 due to cancellations of the leading terms, as it happens for n = 3.
Conclusion
In this paper we concentrate on the structure of the fermion vacuum functional and leave aside such important questions as construction of Green's function and transfer matrix. We have demonstrated, that proposed simple ansatz for the fermion effective action looks almost perfect at smooth external fields, but has potential problems at not-smooth fields. Meanwhile, if δℑΓ 5 [ω, A] turns out to be of order of a in some positive power even for non-smooth A, the gauge invariance of the full theory will be restored in the continuum limit automatically, for the formulation does not produce (ultraviolet) divergences higher than ln a.
Our consideration was based essentially on perturbative arguments. Strictly speaking, the only our non-perturbative result is eq. (10). Therefore, it would be very interesting to extend the consideration beyond the perturbative expansion. In particular, the question of the restoration of the gauge invariance of the imaginary part of the effective action in non-perturbative context appears to be very important.
